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We investigate fluid-to-particle conversion using the usual Cooper-Frye approach but with more
general local equilibrium distributions than the Boltzmann or Bose/Fermi distributions typically
used. Even though we study ideal fluids (i.e., shear stress and bulk pressure are zero everywhere),
we find a suppression of elliptic flow (v2) at high transverse momenta (pT >∼ 1.5 GeV/c), relative to
results obtained with the traditional Boltzmann distributions. The non-viscous suppression shows
qualitatively similar features to the well-known shear viscous suppression of v2; for example, it
increases with pT , and it is smaller for heavier species as seen in self-consistent kinetic theory
calculations. Our results question whether all of the v2 suppression seen in the data can be attributed
to viscous effects, and indicate that shear viscosities extracted from RHIC and LHC elliptic flow
data might be overestimated.
I. INTRODUCTION
The application of hydrodynamics to model heavy-ion
reactions requires a “particlization” model [1] to con-
vert the hydrodynamic fields to particles. The most
common procedure in practice is to match locally, the
fluid variables to a gas of hadrons that is in or near lo-
cal equilibrium. The matching is made on a constant
energy-density or constant temperature hypersurface (cf.
Sec. III). For dissipative fluids this approach is known
to be ambiguous [2–4] because, for nonzero shear stress,
bulk pressure, or heat flow, infinitely many different out-
of-equilibrium hadron phase space densities can describe
the same fluid fields. In particular, for shear corrections,
the most popular quadratic in momentum (Grad) distor-
tion of phase space densities is not supported by kinetic
theory calculations [3, 4]. This translates into apprecia-
ble systematic uncertainties in the extraction of transport
coefficients from data [5].
It should be realized, however, that particlization for
ideal fluids carries an analogous ambiguity. At first sight
the claim may look impossible because there is a one-
to-one mapping between the fluid dynamic variables and
the parameters of the Boltzmann (more precisely, Bose
or Fermi1) phase space distributions of the hadrons in
local thermal and chemical equilibrium. However, it
is not known a priori that the particle distributions in
the hadronic mixture created in heavy-ion collisions are
Boltzmann or close to Boltzmann. First of all, even in lo-
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1 For brevity we will collectively refer here to the Bose, Fermi, and
Boltzmann distributions as “Boltzmann”.
cal equilibrium, interacting systems have in general non-
Boltzmann single-particle distributions [6] (see Ref. [7]
for an explicit hadronic example). Moreover, it is not
clear whether heavy-ion collisions lead to local thermal-
ization, or only some steady-state distribution is reached
( because the system is fairly small with short lifetime
and expands rapidly). In fact, far-from-equilibrum evolu-
tion can still obey the hydrodynamic equations of motion,
provided the system is (nearly) conformal and locally
isotropized in the comoving frame of the fluid [8]. (This
is because the energy-momentum tensor in such isotropic
systems has the ideal fluid form T µν = diag(ε, P, P, P )
everywhere, with P ≈ ε/3 due to conformality.)
Our main purpose here is to investigate the conver-
sion from ideal hydrodynamics to a hadron gas with
non-Boltzmann, but isotropic local equilibrium distribu-
tions. In particular, we study how taking Tsallis dis-
tributions [9] as equilibrium distributions in the hadron
gas affects differential elliptic flow. Earlier works [10, 11]
concentrated on effects on particle momentum spectra.
The Tsallis distribution (or q-exponential) originated
from the generalization of statistical mechanics by tak-
ing into account finite-size effects. It has been success-
fully applied to many physical systems, including a sta-
tistical description of hadron spectra in high-energy col-
lisions [10, 12]. Here we use the q-exponential distribu-
tion to characterize deviations from the local Boltzmann
form which might occur in finite-size systems that expand
rapidly. One could investigate other distributions as well,
the general idea would be the same (though results may
differ).
2II. SIMPLE FOUR-SOURCE MODEL WITH
TSALLIS DISTRIBUTION
To give some qualitative insight into how replacing
Boltzmann distributions would affect differential ellip-
tic flow v2(pT ), we adapt the simple four-source model
from Ref. [13]. That model consist of four uniform, non-
expanding fireballs of equal volume and temperature,
boosted symmetrically in back-to-back pairs along the
x and y axes in the transverse plane with velocities ±vx
and ±vy, respectively (0 < vy < vx). The momentum
distribution of particles is then given by
f (4s) = fvx + f−vx + fvy + f−vy , (1)
where the subscripts ±vx,y denote the direction of the
boost. For Boltzmann sources,
fB,v ∝ e−ELR/T , ELR ≡ p · u = γ(E(p)− vp) , (2)
where v is the boost velocity, γ ≡
√
1− v2, uµ ≡ γ(1,v)
is the four-velocity of fluid flow, and ELR is the energy
of the particle in the comoving frame.
We extend the model by replacing the Boltzmann fac-
tor of comoving energy in Eq. (2) with the Tsallis distri-
bution [9]
fα(ELR) = A
(
1 +
α
Λ
ELR
)− 1
α
, (3)
where α and Λ are the Tsallis exponent and tempera-
ture2. In the α → 0 limit, the Tsallis form becomes a
Boltzmann distribution with temperature T = Λ. But
for any α > 0, the distribution has a power-law tail
fα ∼ p−1/α at high energies.
At fixed time, the anisotropic flow coefficient vn at
midrapidity (y = 0) is, by definition,
vn(pT , y = 0) =
∫ 2pi
0 dφ cos(nφ)f
(4s)(pT , φ, y = 0)∫ 2pi
0
dφ f (4s)(pT , φ, y = 0)
. (4)
Figure 1 shows the pion and proton elliptic flow v2(pT )
resulting from Eq. (4) for different exponents α. The
source parameters were set to vx = 0.5, vy = 0.45, and
T = 140 MeV, which in the Boltzmann case roughly
reproduce the charged hadron v2 measured in Au+Au
collisions at RHIC (
√
sNN = 200 GeV) at ∼ 30% cen-
trality. Compared to the Boltzmann limit (i.e., α = 0),
a positive α leads to a suppression in v2 (and also in vn)
that is very similar to the elliptic flow suppression due
to shear viscosity [3, 4, 14]. This is highly remarkable
because, in the example here, local shear stress is zero
everywhere. The suppression comes, instead, from the
power-law tails at high momenta.
2 In more traditional notation, q ≡ α+1 and Tq ≡ Λ are used but
we prefer to have the Boltzmann limit at zero exponent α→ 0.
For Boltzmann distribution, vn can be analytically cal-
culated [4, 13] as a ratio of modified Bessel functions, and
one finds vn → 1 at high pT (for any even n). For v2,
this is because with exponential tails the ratio of yields in
the two principal directions, φ = 0 and pi/2, in the trans-
verse plane is N(φ = pi/2)/N(φ = 0) ∼ e−apT /e−bpT → 1
as pT → ∞ (there are more particles at φ = 0, so
a > b). In contrast, for Tsallis distributions the ra-
tio ∼ (apT )−1/α/(bpT )−1/α → (b/a)1/α stays nonzero at
high pT , so vn < 1.
Comparing pion and proton v2 in Fig. 1, we see at low
pT the well-known mass ordering of v2 (the flow even
gets negative for protons). This is a well-known generic
feature of the original four-source model. At high pT , we
find a proton-pion difference as well in the suppression of
v2 for Tsallis distributions, which suppression is weaker
for protons than for pions. This, again, is qualitatively
similar to how self-consistent shear viscous corrections
behave [4], which is a remarkable result from our simple
model with no shear viscosity.
The four-source model presented above is, of course,
not a substitute for real fluid dynamics (this is reme-
died in Sec. IV). It does illustrate, however, the general
features of elliptic flow suppression coming from Tsallis
distributions.
III. PARTICLIZATION VIA THE
COOPER–FRYE FORMALISM
Next we study how elliptic flow is affected if Tsallis
distributions are used in ideal fluid dynamical calcula-
tions. The distribution function enters at the end of the
calculation at “particlization”, when the fluid fields are
converted to particles. Most commonly the conversion is
performed instantenously over a three-dimensional (3D)
hypersurface in four-dimensional (4D) spacetime, using
the Cooper–Frye formula [15]
E
dNi(x,p)
d3p
= pµdσµ(x)fi(x,p) . (5)
Here, dσ(x) is the local surface element vector that is
normal to the hypersurface, x is the spacetime, p is the
momentum and fi is the phase space density for particle
species i. Typically a constant energy density or con-
stant temperature hypersurface is chosen. The hyper-
surface elements dσµ are provided by the hydrodynamic
simulation in discretized form, numerically, and one then
sums contributions from Eq. (5) for each element to ob-
tain the momentum distribution of particles. (For an an-
alytic treatment with Tsallis distributions in simplified
geometry, see Ref. [16].)
For a one-component ideal fluid, without conserved
charges, the hydrodynamic fields are the components of
the energy-momentum tensor T µν = (ε+P )uµuν−Pgµν ,
where ε is the local energy density, and P is the pressure.
The requirement that the particle distribution should re-
produce the local hydrodynamic variables imposes the
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FIG. 1: Charged pion differential elliptic flow v2(pT ) from the
simple four-source model (Eq. (1)) for different Tsallis expo-
nents α. Increasing α results in a suppression of anisotropy
relative to the Boltzmann case (α = 0). Compared to the v2
suppression for pions, the suppression in proton v2 for Tsallis
distributions is smaller.
constraints
T µν(x) =
∫
d3p
E
pµpνf(x,p) . (6)
If the momentum dependence in f is through the comov-
ing energy, i.e., if f is isotropic in the comoving frame,
then the constraints fix five parameters3 in f :
(
ε
P
)
=
∫
d3p
E
(
(p · u)2
[(p · u)2 −m2]/3
)
f ,
3 Note that u has only three independent components becauseu2 =
1.
uµ =
T 0µ√
T 0νT 0ν
. (7)
It is well-known that for Boltzmann phase space density
fB(x, p) =
g
(2pi)3
e[µ(x)−p·u(x)]/T (x) , (8)
the constraints Eq. (7) completely determine all param-
eters — namely, the local chemical potential µ, temper-
ature T , and flow velocity uµ.
The matching conditions Eq. (7) can also be used with
Tsallis fα, provided we impose 0 ≤ α < 1/4 so that all
integrals converge. Specifically,
ε = 4piAΛ4
∫ ∞
z
dxx2
√
x2 − z2(1 + αx)− 1α ,
P =
4piA
3
Λ4
∫ ∞
z
dx (x2 − z2) 32 (1 + αx)− 1α , (9)
where z = m/Λ. The integrals can be performed numer-
ically, and one can then invert for the normalization A
and the Tsallis temperature Λ (we consider the exponent
α as a given fix parameter). For example P/ε gives z,
i.e., Λ, and then one obtains A from ε.
A minor limitation of the procedure above in the Tsal-
lis case is that, unlike for the Boltzmann distribution,
the pressure to energy density ratio has a nonzero lower
bound P/ε ≥ α/(1 − α). This is illustrated in Fig. 2,
where we plot the ratio versus the dimensionless mass z
for different values of α. At high z (i.e., low “temper-
atures”), the ratio does not approach zero, which may
make it impossible to match f to the hydro fields when
P/ε is too low. In practice, however, this problem has
never arisen at the modest α < 0.06 values considered in
this study.
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FIG. 2: Pressure to energy density ratio as the function of
the inverse temperature for different Tsallis exponents in the
range 0 ≤ α ≤ 0.1.
4When applying the Cooper-Frye approach to multi-
component systems, such as a gas of hadrons, additional
freedom arises because Eq. (6) used with fi gives the
partial contribution to the energy momentum tensor by
species i, and only the total contribution T µν =
∑
i T
µν
i
is fixed by the hydro fields. We choose here a simple
prescription where partial pressures Pi and partial en-
ergy densities εi are kept the same as in the Boltzmann
limit, and the matching from Eq. (9) is performed to Pi
and εi independently for each species. This means that,
in general, each species has its own temperature Λi and
normalization Ai. For simplicity, we keep the exponent
α the same for all species. Note that both the local pres-
sure and energy density of the ideal fluid are reproduced
exactly, so shear stress and bulk pressure both remain
zero everywhere after conversion to particles.
IV. RESULTS USING 2+1D HYDRODYNAMICS
We now apply the approach of the previous Section,
and present results for Au+Au collisions at
√
sNN =
200 GeV with fluid-to-particles conversion using Tsal-
lis distributions, on constant temperature T = Tconv
Cooper-Frye hypersurfaces from relativistic ideal fluid
dynamics simulations. The simulations were performed
with the 2+1D AZHYDRO code [17] that solves the ideal
fluid dynamic equations with longitudinal boost invari-
ance assumed, which is a reasonable approximation for
observables at midrapidity. We use a patched version [18]
of the code that includes the s95-p1 equation of state pa-
rameterization by Huovinen and Petreczky that matches
lattice QCD results to a hadron resonance gas [19].
For initial conditions at Bjorken proper time τ0 =
0.6 fm we set the transverse entropy density distribution
ds/d2xT dη to a 25%+75% weighted sum of binary colli-
sion and wounded nucleon profiles, with diffuse Woods-
Saxon nuclear densities for gold nuclei (Woods-Saxon
parameters R = 6.37 fm, δ = 0.54 fm and we used
σinelNN = 40 mb). The baryon density was set to zero
everywhere. The peak value of the entropy density s0 in
central collisions (b = 0) and the temperature of the con-
version hypersurface Tconv were set to roughly reproduce
pion, kaon, and proton spectra measured by PHENIX
[20], which gives
s0 = 110 fm
−3 , Tconv = 140 MeV. (10)
Note that by doing so we ignore subsequent hadron dy-
namics after particlization, except for resonance decays
(a more sophisticated treatment would evolve hadrons
in a transport model, see, e.g., [21]). Simulations were
done for three different impact parameters b = 2.5, 7.3,
8.7 fm, which approximately correspond to centrality
classes 0− 5%, 20− 30%, and 30− 40%, respectively.
Fig. 3 shows charged pion, charged kaon, and proton
spectra in Au+Au at RHIC obtained with Tsallis distri-
butions at the conversion of the fluid to particles. The
α = 0 curves correspond to the standard Cooper-Frye
procedure with Boltzmann distributions. Three central-
ities are shown, 0 − 5% (dotted), 20 − 30% (dashed),
and 30 − 40% (solid). For better visibility, spectra for
20− 30% and 30− 40% central collisions are shifted up-
wards by one and two orders of magnitude, respectively
(i.e., factors 10 and 100). Feeddown from resonances is
included in all results via the reso package in AZHYDRO.
To guide the eye, experimental data from PHENIX are
also shown (filled circles).
Our goal here is not to fit the data perfectly; in fact,
agreement is far from excellent. Still, it is noticeable
that the Boltzmann results miss the power-law tails seen
at pT >∼ 2 GeV in the data, while the use of Tsallis
distributions with modest α ∼ 0.03 − 0.05 leads to a
marked improvement, especially for pions (Fig. 3 left
panel). Very similar α ∼ 0.01 − 005 values have been
found in Ref. [10] through fits to the Au+Au spectra
in a blast-wave model, while somewhat higher α ∼ 0.08
was extracted in Ref. [11] using a hydrodynamic calcu-
lation. For simplicity, we will keep the exponent α the
same for all particles and centralities. But it is clear that
the best choice of α varies with centrality and particle
species too — in fact, at fixed pT , the effect on heavier
particles is weaker than on lighter ones similar to hadron
spectra fits. For a more detailed experimental study of
such dependencies, see Ref. [12].
Finally, Fig. 4 shows differential elliptic flow v2(pT ) for
charged pions, kaons, and protons in Au+Au at RHIC
with fluid-to-particle conversion using Tsallis distribu-
tions. We find that all features seen in the four-source
model of Sec. II survive. In particular, Tsallis distribu-
tions give a suppression of v2 at high pT , even for ideal
fluids. The flow suppression progressively increases with
the Tsallis exponent α, and at fixed α it is stronger for
lighter species.
While the v2 suppression we find from Tsallis distribu-
tions is insufficient to explain the experimental data with
absolutely no viscosity, it does move the ideal hydrody-
namic results closer to the data. This raises the question
whether all of the elliptic flow suppression is due to vis-
cous effects, as it is currently assumed by hydrodynamic
studies such as [14], or whether only part of the suppres-
sion is due to viscosity and some of it has other origin,
such as non-Boltzmann local equilibrium distributions.
Comparing shear viscous flow suppression calculations
in Ref. [5], our non-viscous flow suppression for α ≈ 0.05
corresponds to an effective shear viscosity η/s ≈ 0.05.
There seems to be a very interesting connection [11, 22]
between dynamics with non-Boltzmann local equilib-
ria and dissipative dynamics with Boltzmann equilibria,
which deserves further investigation in the future.
V. CONCLUSIONS
In this work we investigated the effect of fluid-to-
particle conversion using the Cooper-Frye approach with
Tsallis distributions, instead of the usual Boltzman (or
50 1 2 3 4
pT [GeV/c]
10−3
10−2
10−1
100
101
102
103
104
105
1
2
pi
p
T
d
2
N
d
y
d
p
T
[c
2
/G
eV
2
]
Au+Au → pi±,√
sNN = 200 GeV, |y| < 0.5
α = 0
α = 0.01
α = 0.03
α = 0.05
0-5% ×100
20-30% × 10
30-40%
0 1 2 3 4
pT [GeV/c]
10−3
10−2
10−1
100
101
102
103
104
105
1
2
pi
p
T
d
2
N
d
y
d
p
T
[c
2
/G
eV
2
]
Au+Au → K±,√
sNN = 200 GeV, |y| < 0.5
α = 0
α = 0.01
α = 0.03
α = 0.05
0-5% ×100
20-30% ×10
30-40%
0 1 2 3 4
pT [GeV/c]
10−3
10−2
10−1
100
101
102
103
104
105
1
2
pi
p
T
d
2
N
d
y
d
p
T
[c
2
/G
eV
2
]
Au+Au→ p, p¯,√
sNN = 200 GeV, |y| < 0.5
α = 0
α = 0.01
α = 0.03
α = 0.05
0-5% ×100
20-30% ×10
30-40%
FIG. 3: Identified hadron spectra at midrapidity measured by PHENIX [20] in Au+Au at
√
sNN = 200 GeV for different
centralities, compared to spectra from 2+1D ideal hydrodynamic simulations with Tsallis freeze-out with different exponents
α. The impact parameters are b = 2.3, 7.3 and 8.7 fm, corresponding to about 0-5%,20-30%, and 30-40% central events,
respectively. Increasing α results in progressively bigger deviations from the Boltzmann case (α = 0), building up a power-law
tail in the spectra that is also seen in experimental data. The different panels are for pion, kaon and protons (from left to
right).
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FIG. 4: Charged hadron differential elliptic flow at midrapidity in
√
sNN = 200 GeV Au+Au at RHIC with impact parameter
b = 7.3 fm (about 20-30% centrality), calculated from the same 2+1D ideal hydrodynamic simulations but with different hadron
phase space distributions. For increasing α, the suppression of v2 relative to the Boltzmann case (α = 0) becomes stronger.
Experimental data from Ref. [20] are also shown (filled circles). Panels are for pions, kaons and protons (from the left to the
right).
Bose/Fermi) distributions. The main feature we find is a
suppression of elliptic flow at high transverse momenta,
relative to the Boltzmann result. Though the suppression
shows qualitatively similar features to the well-known
shear viscous suppression of v2, it appears in our case for
ideal fluids, i.e., at zero viscosity. The main reason for the
suppression is the power-law tail of the Tsallis distribu-
tion at high momenta (incidentally, the same power-law
tails are known to give a better description of spectra
as well). We first demonstrate the flow suppression in
a Tsallis-like generalization of the four-source model of
Ref. [13] (Sec. II), and then show that the suppression
is also present for relativistic ideal hydrodynamic simu-
lations of Au+Au collisions at RHIC (Sec. IV).
Our results question whether all of the v2 suppression
seen in the data can be attributed to viscous effects, or
part of the suppression comes from non-Boltzmann equi-
librium distributions. If Tsallis-like equilibrium distri-
butions play a role, then there is a possibility that the
shear viscosity extracted from anisotropic flow data at
RHIC and the LHC may be overestimated. It would,
therefore, be very interesting to study in the future the
interplay between non-Boltzmann equilibrium distribu-
tions and viscous dynamics.
Extensions of our approach to viscous fluids are cer-
tainly possible, albeit with significant theoretical uncer-
tainties because infinitely many such extensions could be
postulated. The situation is analoguous to the state of
shear viscous phase space corrections [2], where infinitely
many ad hoc viscous corrections functions could be cho-
6sen as well. Luckily, kinetic theory can be used to for-
mulate a self-consistent answer to that problem [3, 4].
It would, therefore, be very helpful to investigate ellip-
tic flow from kinetic theory models that incorporate a
non-Boltzmann fixed-point distribution [11, 22].
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